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A NOTE ON DEGENERATE CYCLOTOMIC YOKONUMA-HECKE
ALGEBRAS
WEIDENG CUI
Abstract. In this note, we first prove that the degenerate cyclotomic Yokonuma-Hecke
algebra Y dr,n is a cellular algebra by constructing an explicit cellular basis. We then
develop the fusion procedure for Y dr,n, that is, we prove that the primitive idempotents
of Y dr,n can be defined by consecutive evaluations of a certain rational function.
1. Introduction
1.1. Yokonuma [Yo] defined Yokonuma-Hecke algebras as a centralizer algebra associated
to the permutation representation of a finite Chevalley group G with respect to a maximal
unipotent subgroup of G. The Yokonuma-Hecke algebra Yr,n(q) of type A is defined as
a quotient of the group algebra of the modular framed braid group (Z/rZ) ≀ Bn, where
Bn is the braid group on n strands of type A. By the presentation given by Juyumaya
and Kannan [Ju1, Ju2, JuK], the Yokonuma-Hecke algebra Yr,n(q) can also be regraded
as a deformation of the group algebra of the complex reflection group G(r, 1, n), which is
isomorphic to the wreath product (Z/rZ) ≀Sn, where Sn is the symmetric group.
Recently, by generalizing the approach of Okounkov-Vershik [OV] on the representation
theory of Sn, Chlouveraki and Poulain d’Andecy [ChPA1] defined the affine Yokonuma-
Hecke algebra Ŷr,n(q) and gave explicit formulae for all irreducible representations of
Yr,n(q) over C(q), and further obtained a semisimplicity criterion for Yr,n(q). In the
subsequent paper [ChPA2], they studied the representation theory of Ŷr,n(q) and the
cyclotomic Yokonuma-Hecke algebra Y dr,n(q). In particular, they gave the classification of
irreducible representations of Y dr,n(q) in the generic semisimple case. In [CW], we gave
the classification of the simple Ŷr,n(q)-modules as well as the classification of the simple
modules of the cyclotomic Yokonuma-Hecke algebras over an algebraically closed field K
of characteristic p when p does not divide r.We [C1] prove that the cyclotomic Yokonuma-
Hecke algebra Y dr,n(q) is cellular by constructing an explicit cellular basis. In the past few
years, the study of affine and cyclotomic Yokonuma-Hecke algebras has made substantial
progress; see [ChPA1-2, ChS, C1-6, CW, ER, JaPA, Lu, PA2, Ro].
1.2. Jucys [Juc] claimed that the primitive idempotents of Sn can be obtained by taking
a certain limiting process on a rational function, which is now commonly referred to as
the fusion procedure. It has been developed in the situation of Hecke algebras [Ch]; see
also [Na1-3]. Molev [Mo] has proposed an alternative approach of the fusion procedure for
the symmetric group, which is based on the existence of a maximal commutative subal-
gebra generated by the Jucys-Murphy elements. Here the idempotents can be derived by
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consecutive evaluations of a certain rational function. The version of the fusion procedure
has been generalized to various algebras and groups; see [IMO, IM, IMOg1-2, OgPA1-2,
PA1, ZL, C5-6].
1.3. The purposes of this note are two folds. Firstly, we prove that the degenerate
cyclotomic Yokonuma-Hecke algebra Y dr,n is cellular by constructing an explicit cellular
basis following the approach in [C1]. Secondly, we develop the fusion procedure for Y dr,n,
that is, we prove that a complete set of pairwise orthogonal primitive idempotents of Y dr,n
can be constructed by consecutive evaluations of a certain rational function.
This paper is organized as follows. In Section 2, we first recall some combinatorial
notions and then present the construction of a cellular basis of Y dr,n. In Section 3, for
the split semisimple Y dr,n, we first deduce some properties of the idempotents Et of Y
d
r,n
by applying the general theory developed in [Ma, Section 3]. Then we give the inductive
formulae for the idempotents Et in terms of the Jucys-Murphy elements. Finally we prove
the fusion formulae for Et.
2. Cellular bases
In this section, we first recall some combinatorial notions and then construct a cellular
basis of the degenerate cyclotomic Yokonuma-Hecke algebra Y dr,n.
2.1. Degenerate cyclotomic Yokonuma-Hecke algebras. Let r ∈ Z≥1 and p ∈
Z≥1 such that p does not divide r. Let K be an algebraically closed field of char-
acteristic p which contains some elements v1, . . . , vd. The degenerate affine Yokonuma-
Hecke algebra, denoted by Ŷr,n, is an associative K-algebra generated by the elements
t1, . . . , tn, g1, . . . , gn−1, x1, . . . , xn in which the generators t1, . . . , tn, g1, . . . , gn−1 satisfy
the following relations:
gigj = gjgi for all i, j = 1, . . . , n− 1 such that |i− j| ≥ 2;
gigi+1gi = gi+1gigi+1 for all i = 1, . . . , n− 2;
titj = tjti for all i, j = 1, . . . , n;
gitj = tsi(j)gi for all i = 1, . . . , n− 1 and j = 1, . . . , n;
tri = 1 for all i = 1, . . . , n;
g2i = 1 for all i = 1, . . . , n− 1,
(2.1)
together with the following relations concerning the generators x1, . . . , xn:
xixj = xjxi;
gixi+1 = xigi + ei;
gixj = xjgi for all j 6= i, i+ 1;
tjxi = xitj for all i, j = 1, . . . , n,
(2.2)
where si is the transposition (i, i + 1) and for each 1 ≤ i ≤ n− 1,
ei :=
1
r
r−1∑
s=0
tsi t
−s
i+1.
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Remark 2.1. The degenerate affine Yokonuma-Hecke algebra Ŷr,n is in fact a special
case of the wreath Hecke algebra Hn(G) defined in [WW, Definition 2.4] when G = Cr is
the cyclic group of order r; see also [RS].
By [WW, Theorem 2.8], Ŷr,n has a K-basis{
tβ11 · · · t
βn
n x
α1
1 · · · x
αn
n gw | 0 ≤ β1, . . . , βn ≤ r − 1, α1, . . . , αn ≥ 0, w ∈ Sn
}
. (2.3)
We define the degenerate cyclotomic Yokonuma-Hecke algebra Y dr,n to be the quotient:
Y dr,n = Ŷr,n/〈(x1 − v1) · · · (x1 − vd)〉.
The following proposition has been provided in [WW, Proposition 5.5], which can be
proved by adapting the approach in [Kle, Section 7.5] as has been done for cyclotomic
Yokonuma-Hecke algebras in [C1]. It has also been proved in [Ro, Proposition 5.2] by
adapting the approach in [AK].
Proposition 2.2. Y dr,n has a K-basis{
tj11 · · · t
jn
n x
i1
1 · · · x
in
n gw | 0 ≤ i1, . . . , in ≤ d− 1, 0 ≤ j1, . . . , jn ≤ r − 1, w ∈ Sn
}
. (2.4)
Let s = {1, 2, . . . , n}. Let i, k ∈ s and set
ei,k :=
1
r
r−1∑
s=0
tsi t
−s
k .
Note that ei,i = 1, e
2
i,k = ei,k = ek,i, and that ei,i+1 = ei. For any nonempty subset I ⊆ s
we define the following element EI by
EI :=
∏
i,j∈I;i<j
ei,j ,
where by convention EI = 1 if |I| = 1.
We also need a further generalization of this. We say that the set A = {I1, I2, . . . , Ik}
is a set partition of s if the Ij ’s are nonempty and disjoint subsets of s, and their union
is s. We refer to them as the blocks of A. We denote by SPn the set of all set partitions
of s. For A = {I1, I2, . . . , Ik} ∈ SPn we then define EA :=
∏
j EIj .
2.2. (r, d)-partitions. A finite sequence λ = (λ1, . . . , λk) is called a partition of n if
λ1 ≥ · · · ≥ λk ≥ 0 and λ1 + · · ·+ λk = n. If λ is a partition of n, we write λ ⊢ n and set
|λ| := n. We associate a Young diagram to a partition λ, which is the set
[λ] := {(i, j) | i ≥ 1 and 1 ≤ j ≤ λi}.
We shall regard [λ] as a left-justified array of rows such that there exist λj nodes in the
j-th row for j = 1, . . . , k. If a node θ is in row x and column y, we write θ = (x, y).
For λ ⊢ n, a node θ ∈ [λ] is called removable from λ if we still obtain a Young diagram
of a partition after removing θ from [λ]; a node θ′ /∈ [λ] is called addable to λ if we still
obtain a Young diagram of a partition after adding θ′ to [λ]. The conjugate of a partition
λ is the partition λ′ = (λ′1, . . . , λ
′
l), which is given by
λ′j := ♯{i | 1 ≤ i ≤ k such that λi ≥ j}.
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Let d ∈ Z≥1. A d-partition of n is an ordered d-tuple λ = (λ
(1), λ(2), . . . , λ(d)) of
partitions λ(k) such that
∑d
k=1 |λ
(k)| = n. The combinatorial objects appearing in the
representation theory of Ydr,n will be (r, d)-partitions. By definition, an (r, d)-partition
of n is an ordered r-tuple λ = (λ1, . . . ,λr) = ((λ
(1)
1 , . . . , λ
(1)
d ), . . . , (λ
(r)
1 , . . . , λ
(r)
d )) of d-
partitions (λ
(k)
1 , . . . , λ
(k)
d ) (1 ≤ k ≤ r) such that
∑r
k=1
∑d
j=1 |λ
(k)
j | = n. We denote by P
d
r,n
the set of (r, d)-partitions of n. We shall say that the l-th partition of the k-th r-tuple has
position (k, l).
An (r, d)-node θ = (θ, k, l) consists of a node θ, an integer k ∈ {1, . . . , r}, and an
integer l ∈ {1, . . . , d}. We shall call k the r-position of θ, l the d-position of θ and (k, l)
the position of θ. For each λ ∈ Pdr,n, we shall denote by [λ] the set of (r, d)-nodes such
that the subset consisting of the (r, d)-nodes having position (k, l) forms a usual Young
diagram of the partition λ
(k)
l , for any k ∈ {1, . . . , r} and l ∈ {1, . . . , d}.
For each λ ∈ Pdr,n, an (r, d)-node θ = (θ, k, l) ∈ [λ] is called removable from λ if the node
θ is removable from the partition of λ with position (k, l); an (r, d)-node θ = (θ, k, l) /∈ [λ]
is called addable to λ if the node θ is addable to the partition of λ with position (k, l).
For an (r, d)-node θ = ((a, b), k, l), we define cc(θ) := b − a, p(r)(θ) := k, p(d)(θ) := l
and the content c(θ) := b− a+ vl.
2.3. Standard (r, d)-tableaux. Let λ be an (r, d)-partition of n. An (r, d)-tableau t =
((t
(1)
1 , . . . , t
(1)
d ), . . . , (t
(r)
1 , . . . , t
(r)
d )) of shape λ is obtained by placing each (r, d)-node of [λ]
by one of the integers 1, 2, . . . , n, allowing no repeats. We will call the number n the size
of t and the t
(k)
l ’s the components of t. Each (r, d)-node θ of t is labelled by ((a, b), k, l) if
it lies in row a and column b of the component t
(k)
l of t.
An (r, d)-tableau of shape λ is called row standard if the numbers increase along any
row (from left to right) of each diagram in [λ]. An (r, d)-tableau of shape λ is called
standard if the numbers increase along any row (from left to right) and down any column
(from top to bottom) of each diagram in [λ]. From now on, we denote by Std(λ) the set
of all standard (r, d)-tableaux of size n and of shape λ, which is endowed with an action
of Sn from the right by permuting the entries in each (r, d)-tableau.
For each λ ∈ Pdr,n, we denote by t
λ the standard (r, d)-tableau of shape λ in which
1, 2, . . . , n appear in increasing order from left to right along the rows of the first diagram,
and then along the rows of the second diagram, and so on.
For any partition λ = (λ1, . . . , λk) of n, we define the Young subgroup Sλ := Sλ1 ×
· · · × Sλk . For each λ = ((λ
(1)
1 , . . . , λ
(1)
d ), . . . , (λ
(r)
1 , . . . , λ
(r)
d )) ∈ P
d
r,n, we have a Young
subgroup
Sλ := Sλ(1)1
× · · · ×S
λ
(1)
d
× · · · ×S
λ
(r)
1
× · · · ×S
λ
(r)
d
,
which is exactly the row stabilizer of tλ.
For a row standard (r, d)-tableau s of shape λ, let d(s) be the element of Sn such
that s = tλd(s). Then d(s) is a distinguished right coset representative of Sλ in Sn, that
is, l(wd(s)) = l(w) + l(d(s)) for any w ∈ Sλ. In this way, we obtain a correspondence
between the set of row standard (r, d)-tableaux of shape λ and the set of distinguished
right coset representatives of Sλ in Sn.
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We define a partial order on the set of (r, d)-partitions and standard (r, d)-tableaux.
Definition 2.3. Let λ = ((λ
(1)
1 , . . . , λ
(1)
d ), . . . , (λ
(r)
1 , . . . , λ
(r)
d )) and µ = ((µ
(1)
1 , . . . , µ
(1)
d ),
. . . , (µ
(r)
1 , . . . , µ
(r)
d )) be two (r, d)-partitions of n.We say that λ dominates µ, and we write
λunrhd µ if and only if
k−1∑
i=1
d∑
j=1
|λ
(i)
j |+
l−1∑
j=1
|λ
(k)
j |+
p∑
i=1
λ
(k)
l,i ≥
k−1∑
i=1
d∑
j=1
|µ
(i)
j |+
l−1∑
j=1
|µ
(k)
j |+
p∑
i=1
µ
(k)
l,i
for all k, l and p with 1 ≤ k ≤ r, 1 ≤ l ≤ d and p ≥ 0. If λ unrhd µ and λ 6= µ, we write
λ µ.
We extend the partial order above to standard (r, d)-tableaux as follows. If v is a row
standard (r, d)-tableau of shape λ and 1 ≤ k ≤ n, then the entries 1, 2, . . . , k in v occupy
the diagrams of an (r, d)-composition; let shape(v↓k) denote this (r, d)-composition. Let
λ,µ ∈ Cdr,n. Suppose that s is a row standard (r, d)-tableau of shape λ and that t is a
row standard (r, d)-tableau of shape µ. We say that s dominates t, and we write sunrhd t if
shape(s↓k)unrhd shape(t↓k) for all k. If sunrhd t and s 6= t, then we write s t.
2.4. Cellular bases. Let ζ = e2pii/r. We now fix once and for all a total order on the set
of r-th roots of unity via setting ζk := ζ
k−1 for 1 ≤ k ≤ r. Set S := {ζ1, ζ2, . . . , ζr}. Then
we define a set partition Aλ ∈ SPn for any (r, d)-partition λ.
Definition 2.4. Let λ = ((λ
(1)
1 , . . . , λ
(1)
d ), . . . , (λ
(r)
1 , . . . , λ
(r)
d )) ∈ P
d
r,n. Suppose that we
choose all 1 ≤ i1 < i2 < · · · < ip ≤ r such that (λ
(i1)
1 , . . . , λ
(i1)
d ), (λ
(i2)
1 , . . . , λ
(i2)
d ), . . . ,(λ
(ip)
1 ,
. . . , λ
(ip)
d ) are nonempty. Define ak :=
∑k
j=1 |λ
(ij)| for 1 ≤ k ≤ p, where |λ(ij)| =∑d
l=1 |λ
(ij)
l |. Then the set partition Aλ associated with λ is defined as
Aλ := {{1, . . . , a1}, {a1 + 1, . . . , a2}, . . . , {ap−1 + 1, . . . , n}},
which may be written as Aλ = {I1, I2, . . . , Ip}, and is referred to the blocks of Aλ in the
order given above.
Definition 2.5. Let λ = ((λ
(1)
1 , . . . , λ
(1)
d ), . . . , (λ
(r)
1 , . . . , λ
(r)
d )) ∈ P
d
r,n, and let ak :=∑k
j=1 |λ
(ij)| (1 ≤ k ≤ p) be defined as above. Then we define
uλ := ua1,i1ua2,i2 · · · uap,ip ,
where ui,k = Π
r
l=1;l 6=k(ti − ζl) for 1 ≤ i ≤ n and 1 ≤ k ≤ r.
Definition 2.6. Let λ = ((λ
(1)
1 , . . . , λ
(1)
d ), . . . , (λ
(r)
1 , . . . , λ
(r)
d )) ∈ P
d
r,n. Associated with λ
we can define the following elements akl and bk:
akl :=
l−1∑
m=1
|λ(k)m |, bk :=
k−1∑
j=1
d∑
i=1
|λ
(j)
i | for 1 ≤ k ≤ r and 1 ≤ l ≤ d.
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Associated with these elements we can define an element u+
a
:= ua,1ua,2 · · · ua,r, where
ua,k :=
d∏
l=1
ak
l∏
j=1
(Xbk+j − vl).
Definition 2.7. Let λ ∈ Pdr,n and define u
+
a
as above. We set Uλ := uλEAλ , and define
xλ =
∑
w∈Sλ
gw. Then we define the element mλ of Y
d
r,n as follows:
mλ := Uλu
+
a
xλ = uλEAλu
+
a
xλ.
Let ∗ denote the K-linear anti-automorphism of Y dr,n, which is determined by
g∗i = gi, t
∗
j = tj , x
∗
j = xj for 1 ≤ i ≤ n− 1 and 1 ≤ j ≤ n.
Definition 2.8. Let λ ∈ Pdr,n, and let s and t be two row standard (r, d)-tableaux of
shape λ. We then define mst = g
∗
d(s)mλgd(t).
For each µ ∈ Pdr,n, let Y
d,µ
r,n be the K-submodule of Y dr,n spanned by muv with u, v ∈
Std(λ) for various λ ∈ Pdr,n such that λ µ.
Theorem 2.9. The algebra Y dr,n is a free K-module with a cellular basis
B
d
r,n = {mst | s, t ∈ Std(λ) for some (r, d)−partition λ of n},
that is, the following properties hold:
(i) The K-linear map determined by mst 7→ mts (mst ∈ B
d
r,n) is an anti-automorphism
on Y dr,n.
(ii) For a given h ∈ Y dr,n and t ∈ Std(µ), there exist rv ∈ K such that for all s ∈ Std(µ),
we have
msth ≡
∑
v∈Std(µ)
rvmsv mod Y
d,µ
r,n ,
where rv may depend on v, t and h, but not on s.
Proof. The proof of this result is similar to, but much easier than, the corresponding
result for the cyclotomic Yokonuma-Hecke algebras; see [C1, Section 6] for details. 
2.5. Jucys-Murphy elements.
Definition 2.10. Let t be an (r, d)-tableau of shape λ and suppose that the (r, d)-node
θ of t labelled by ((a, b), k, l) is filled in with the element i (1 ≤ i ≤ n). Then we define
the content of i as the element ct(i) := c(θ) = b − a + vl and the r-position of i as the
element pt(i) := p
(r)(θ) = k, respectively.
The next proposition claims that the following set
L = {L1, . . . , L2n | Lk = xk, Ln+k = tk for 1 ≤ k ≤ n}
is a family of JM-elements for Y dr,n in the abstract sense defined in [Ma, Definition 2.4],
which is with respect to the cellular basis in Theorem 2.9 .
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Proposition 2.11. Suppose that λ ∈ Pdr,n and that s, t ∈ Std(λ). Then we have
mstxk ≡ ct(k)mst +
∑
v∈Std(λ)
vt
rvtmsv mod Y
d,λ
r,n (2.5)
for some rvt ∈ K. And moreover, we have
mst tk = ζp
t
(k)mst. (2.6)
Proof. This proposition can be proved in exactly the same way as in [C1, Proposition
7.3]. We omit the details. 
From Proposition 2.11, we can now apply the general theory developed in [Ma] to
recover the following semi-simplicity criterion of Y dr,n obtained in [C4, Section 4(4.1)]:
n!
∏
1≤i<j≤d
∏
−n<l<n
(l + vi − vj) 6= 0. (2.7)
In the rest of this paper, we shall work with a split semisimple degenerate cyclotomic
Yokonuma-Hecke algebra Y dr,n defined over K, that is, vi ∈ K, for 1 ≤ i ≤ d, satisfies the
condition (2.7). In particular, we can apply all the results in [Ma, Section 3].
3. Fusion procedure for Y dr,n
In this section, for the split semisimple Y dr,n, we first deduce some properties of the
idempotents Et by applying the general approach developed in [Ma, Section 3]. Then
we give the inductive formulae for the idempotents Et in terms of the Jucys-Murphy
elements. Finally we establish the fusion formulae for Et.
3.1. Idempotents of Y dr,n. We first follow the arguments of [Ma, Section 3] to define the
primitive idempotents Et, and use them to construct a “seminormal” basis of Y
d
r,n. For
1 ≤ k ≤ n, we define the following two sets:
C(k) := {ct(k) | t ∈ Std(λ) for some λ ∈ P
d
r,n},
and
C(k) := {ζp
t
(k) | t ∈ Std(λ) for some λ ∈ P
d
r,n}.
Definition 3.1. Suppose that λ ∈ Pdr,n and that s, t ∈ Std(λ).
(i) Let
Et =
n∏
k=1
( ∏
c∈C(k)
c 6=ct(k)
xk − c
ct(k)− c
·
∏
c¯∈C(k)
c¯ 6=ζpt(k)
tk − c¯
ζp
t
(k) − c¯
)
. (3.1)
(ii) Let e
λ
st
= EsmstEt.
By Proposition 2.11 and applying the general theory developed in [Ma, Section 3], we
can get the following results.
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Proposition 3.2. (i) The set {e
λ
st
| s, t ∈ Std(λ) for some λ ∈ Pdr,n} is a K-basis of Y
d
r,n.
(ii) For λ,µ ∈ Pdr,n and s, t ∈ Std(λ), u, v ∈ Std(µ), we have
e
λ
st
xk = ct(k)e
λ
st
, e
λ
st
tk = ζp
t
(k)e
λ
st
, e
λ
st
Eu = δt,ue
λ
su, (3.2)
and moreover, there exists a scalar 0 6= γt ∈ K such that
e
λ
st
e
µ
uv =
{
γte
λ
sv if λ = µ and t = u;
0 otherwise.
(3.3)
In particular, γt depends only on t and the set {e
λ
st
| s, t ∈ Std(λ) and λ ∈ Pdr,n} is a
cellular basis of Y dr,n.
(iii) For λ ∈ Pdr,n and t ∈ Std(λ), we have Et =
1
γt
e
λ
tt
. Moreover, these elements
{Et | t ∈ Std(λ) for some λ ∈ P
d
r,n}} give a complete set of pairwise orthogonal primitive
idempotents for Y dr,n.
(iv) For λ ∈ Pdr,n and t ∈ Std(λ), we have
Etxk = xkEt = ct(k)Et, Et tk = tkEt = ζp
t
(k)Et. (3.4)
(v) The Jucys-Murphy elements x1, . . . , xn, t1, . . . , tn generate a maximal commutative
subalgebra of Y dr,n.
3.2. Inductive formulae of Et. We first define two rational functions, and then intro-
duce the inductive formulae of the primitive idempotents Et.
For λ, µ two partitions and a node θ = (x, y) ∈ [λ], we define the hook length hλ(θ)
and the generalized hook length hµλ(θ) of θ with respect to (λ, µ), respectively:
hλ(θ) := λx + λ
′
y − x− y + 1, (3.5)
and
hµλ(θ) := λx + µ
′
y − x− y + 1. (3.6)
Assume that λ = ((λ
(1)
1 , . . . , λ
(1)
d ), . . . , (λ
(r)
1 , . . . , λ
(r)
d )) is an (r, d)-partition and θ =
(θ, k, l) = ((x, y), k, l) is an (r, d)-node of [λ]. The hook length hλ(θ) of θ in λ is defined
to be the hook length of the node θ in the partition of λ with position (k, l), that is,
hλ(θ) := hλ(k)
l
(θ) = λ
(k)
l,x + λ
(k)′
l,y − x− y + 1. (3.7)
Let µ be another partition. We define the generalized hook length hµλ(θ) of θ with respect
to (λ, µ) to be the generalized hook length of θ with respect to (λ
(k)
l , µ), that is,
hµλ(θ) := h
µ
λ
(k)
l
(θ) = λ
(k)
l,x + µ
′
y − x− y + 1. (3.8)
Recall that S = {ζ1, . . . , ζr} is the set of all r-th roots of unity. For an (r, d)-partition
λ = ((λ
(1)
1 , . . . , λ
(1)
d ), . . . , (λ
(r)
1 , . . . , λ
(r)
d )), we define
FTλ :=
∏
θ∈λ
( ∏
ξ∈S
ξ 6=ζ
p(r)(θ)
(ζp(r)(θ) − ξ)
)
. (3.9)
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and
Fλ :=
∏
θ∈λ
(
hλ(θ)
∏
1≤k≤d
k 6=p(d)(θ)
(
h
λ
(p(r)(θ))
k
λ (θ) + vp(d)(θ) − vk
))
. (3.10)
Remark 3.3. When r = 1 and d = m, the degenerate cyclotomic Yokonuma-Hecke
algebra Y dr,n is exactly the cyclotomic Hecke algebra H
m
n , and Fλ is precisely the Schur
element of Hmn which has been explicitly calculated in [Z, Theorem 4.2].
Let λ be an (r, d)-partition of n and t a standard (r, d)-tableau of shape λ. In order to
simplify notation, we set ci := ct(i) and pi := pt(i) for i = 1, . . . , n. We then define
FTt (v) :=
∏
ξ∈S
ξ 6=ζpn
1
v − ξ
, (3.11)
and
Ft(u) :=
u− cn
(u− v1) · · · (u− vd)
n−1∏
i=1
(u− ci)
2
(u− ci)2 − δpi,pn
, (3.12)
where δpi,pn is the Kronecker delta.
Denote by θ the (r, d)-node of t containing the number n. Since t is standard, the
(r, d)-node θ is removable from λ. Let u be the standard (r, d)-tableau obtained from t
by removing θ and let µ be the shape of u.
For each ξ ∈ S, we have ∏
ξ 6=α∈S
(ξ − α) = rξ−1. (3.13)
Thus, FTt (v) is non-singular at v = ζpn . Moreover, by (3.9) we get
FTt (v)
∣∣∣
v=ζpn
=
ζpn
r
= (FTλ)
−1FTµ. (3.14)
The following proposition can be proved in exactly the same way as in [OgPA1, Propo-
sitions 3.4 and ZL, Lemma 4.3].
Proposition 3.4. The rational function Ft(u) is non-singular at u = cn, and moreover,
we have
Ft(u)
∣∣∣
u=cn
= F−1λ Fµ. (3.15)
Denote by E+(µ) the set of (r, d)-nodes addable to µ. By (3.1), we have the following
inductive formula for Et:
Et = Eu
∏
θ′∈E+(µ)
c(θ′)6=c(θ)
xn − c(θ
′)
c(θ)− c(θ′)
∏
θ′∈E+(µ)
p(r)(θ′)6=p(r)(θ)
tn − ζp(r)(θ′)
ζp(r)(θ) − ζp(r)(θ′)
(3.16)
with Et0 = 1 for the unique standard (r, d)-tableau t0 of size 0.
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3.3. Fusion formulae of Et. We shall present a fusion formula for the idempotent Et.
We first define the following rational functions in variables a, b with values in Y dr,n:
gi(a, b) := gi +
ei
a− b
for i = 1, . . . , n− 1. (3.17)
The following lemma is proved in [PA1, Proposition 2].
Lemma 3.5. The rational functions gi(a, b) satisfy the following relations:
gi(a, b)gi+1(a, c)gi(b, c) = gi+1(b, c)gi(a, c)gi+1(a, b) for i = 1, . . . , n− 1, (3.18)
gi(a, b)gi(b, a) = 1−
ei
(a− b)2
for i = 1, . . . , n− 1. (3.19)
Set φ1(u) :=
(u−v1)···(u−vd)
u−x1
. For k = 2, . . . , n, we set
φk(u1, . . . , uk−1, u) : = gk−1(u, uk−1)φk−1(u1, . . . , uk−2, u)gk−1
= gk−1(u, uk−1)gk−2(u, uk−2) · · · g1(u, u1)φ1(u) · g1 · · · gk−1. (3.20)
Recall that S = {ζ1, . . . , ζr} is the set of all r-th roots of unity. We set
Γ(v1, . . . , vn) :=
n∏
i=1
(Πξ∈S(vi − ξ)
vi − ti
)
. (3.21)
We then define the following rational function:
Φ(u1, . . . , un, v1, . . . , vn) :=φn(u1, . . . , un)φn−1(u1, . . . , un−1)
· · ·φ1(u1)Γ(v1, . . . , vn). (3.22)
Now we can state the main result of this section.
Theorem 3.6. The idempotent Et of Y
d
r,n corresponding to the standard (r, d)-tableau t
can be obtained by the following consecutive evaluations:
Et =
1
FTλFλ
Φ(u1, . . . , un, v1, . . . , vn)
∣∣∣
v1=ζp1
· · ·
∣∣∣
vn=ζpn
∣∣∣
u1=c1
· · ·
∣∣∣
un=cn
. (3.23)
We first prove two necessary lemmas. We define the following element:
Eu,pn :=
v − ζpn
v − tn
Eu
∣∣∣
v=ζpn
. (3.24)
Then the element Eu,pn is an idempotent which is equal to the sum of the idempotents
Ev, where v runs through the set of standard (r, d)-tableaux obtained from u by adding
an (r, d)-node θ containing the integer n such that p(r)(θ) = pn.
Lemma 3.7. Assume that n ≥ 1. We have
Ft(u)φn(c1, . . . , cn−1, u)Eu,pn =
u− cn
u− xn
Eu,pn . (3.25)
Proof. The proof of this result is similar to, but easier than, the corresponding result for
the cyclotomic Yokonuma-Hecke algebras; see [C6] for details. 
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For k = 1, . . . , n, we define
φ˜k(u1, . . . , uk−1, u, v) := φk(u1, . . . , uk−1, u) ·
(Πξ∈S(v − ξ)
v − tk
)
. (3.26)
Lemma 3.8. Assume that n ≥ 1. We have
FTt (v)Ft(u)φ˜n(c1, . . . , cn−1, u, v)Eu
∣∣∣
v=ζpn
=
u− cn
u− xn
v − ζpn
v − tn
Eu
∣∣∣
v=ζpn
. (3.27)
Proof. By (3.11), we have
FTt (v) ·
(Πξ∈S(v − ξ)
v − tn
)
=
v − ζpn
v − tn
. (3.28)
By (3.24), (3.26) and (3.28), we see that (3.27) is a direct consequence of (3.25). 
Proof of Theorem 3.6 Since gi commutes with tk if i < k−1, we can rewrite the rational
function Φ(u1, . . . , un, v1, . . . , vn) as follows:
Φ(u1, . . . , un, v1, . . . , vn)
= φ˜n(u1, . . . , un, vn)φ˜n−1(u1, . . . , un−1, vn−1) · · · φ˜1(u1, v1). (3.29)
We shall prove this theorem by induction on n. For n = 0, the situation is trivial.
For n > 0, by (3.29) and the induction hypothesis we can rewrite the right-hand side
of (3.23) as follows:
(FTλFλ)
−1FTµFµφ˜n(c1, . . . , cn−1, un, vn)Eu
∣∣∣
vn=ζpn
∣∣∣
un=cn
. (3.30)
By (3.27) we can rewrite the expression (3.30) as
(FTλFλ)
−1FTµFµ(F
T
t (vn)Ft(un))
−1 un − cn
un − xn
vn − ζpn
vn − tn
Eu
∣∣∣
vn=ζpn
∣∣∣
un=cn
. (3.31)
Let {t1, . . . , tk} be the set of pairwise different standard (r, d)-tableaux obtained from
u by adding an (r, d)-node containing the integer n. Note that t ∈ {t1, . . . , tk}. Moreover,
by branching properties, we have
Eu =
k∑
i=1
Eti . (3.32)
If we consider the following rational function in u and v:
u− cn
u− xn
v − ζpn
v − tn
Eu, (3.33)
the formulae (3.4) imply that (3.33) is non-singular at u = cn and v = ζpn ; and moreover,
by replacing Eu with the right-hand side of (3.32), we get
u− cn
u− xn
v − ζpn
v − tn
Eu
∣∣∣
v=ζpn
∣∣∣
u=cn
= Et. (3.34)
By (3.14) and (3.15), together with (3.31) and (3.34), we see that the right-hand side
of (3.23) is equal to Et. 2
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Example 3.9. Consider the situation that r = d = 2, n = 4 and the (2, 2)-partition
λ = (((2), (0)), ((1)), (1)) of 4. We shall consider the following standard (2, 2)-tableau of
shape λ:
t =
((
1 3 , ∅
)
,
(
2 , 4
))
.
Theorem 3.6 implies that the idempotent Et can be expressed as
Et =
ζ21ζ
2
2
32(v1 − v2)(v2 − v1 + 1)(v1 − v2 + 1)2
× g3(v2, v1 + 1)g2(v2, v1)g1(v2, v1)φ1(v2)g1g2g3
× g2(v1 + 1, v1)g1(v1 + 1, v1)φ1(v1 + 1)g1g2 × g1(v1, v1)φ1(v1)g1
× φ1(v1)(ζ1 + t1)(ζ2 + t2)(ζ1 + t3)(ζ2 + t4).
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